
Sound and mechanical vibrations are ubiquitous. Their 
study dates to antiquity, and they can be characterized 
by Newtonian or Lagrangian mechanics, which are at 
the core of classical physics. Surprisingly, exciting new 
discoveries in acoustics and mechanics continue to 
emerge. In the early 1990s, by drawing an analogy to the 
quantum theory of solids, physicists showed with the-
ory1,2, observation3 and experimentation4 that acoustic 
and elastic waves propagating through a periodic array 
of scatterers exhibit frequency regimes in which the 
waves cease to propagate, analogous to the electronic 
bandgaps in semiconductors. The study of such peri-
odic acoustic or mechanical systems, dubbed phononic 
crystals, has now matured into an exciting research field. 
In recent years, fuelled by the discovery of topologically 
non-trivial phases in electronic systems (in particular, 
topological insulators) and their counterparts in pho-
tonic systems5, phononic crystals have rapidly become a 
setting for studying new physics and exotic phenomena 
related to topological phases.

Topology is an important tool that has not been fully 
utilized in traditional band theories. It describes the 
global properties of wavefunctions over an entire band 
and is robust against local perturbations, preserving 
certain symmetries, unless the perturbation is strong 
enough to close the gaps between bands. Topology offers 
a deep understanding of the phenomena associated with 
acoustic and mechanical systems, understanding that 
cannot be obtained by numerically solving Newtonian 
or Lagrangian equations. Topological concepts also give 
new paradigms for designing devices with improved 
functionalities. Such possibilities have fuelled inter-
est in the emerging fields of topological acoustics and 
topological mechanics.

In this Review, we outline the basic concept of the 
geometric phase and extend it to periodic acoustic 

systems in which topological notions emerge. We focus 
on 1D phononic crystals and showcase the physical 
implications of Zak phases and topological transitions 
that can arise in such systems. We then discuss topo-
logical phases in 2D systems in detail. We discuss the 
formation of Dirac points in phononic crystals and 
then discuss various mechanisms to introduce topo-
logical phases. Finally, we discuss topological phases in 
3D systems, as exemplified by the recent realization of 
Weyl points and Fermi arcs in phononic crystals.

Geometric phase
The geometric phase was first proposed in 1956 by 
Pancharatnam for the propagation of light through a 
sequence of polarizers6, and was later generalized by 
Berry for quantum mechanics7. The geometric phase 
is a universal concept that emerges in the adiabatic  
cyclic evolution of any state in a system. A familiar exam-
ple is the Foucault pendulum. The swinging plane of the 
pendulum rotates by an angle (a phase shift) because of 
the rotation of the Earth, which carries the pendulum in  
an adiabatic cyclic motion8 (Box 1). Many phenomena  
in classical mechanics can be attributed to the geometric 
phase, which offers a deep connection that links many 
superficially unrelated phenomena.

In analogy to the Berry phase of linearly polarized 
light propagating along a helical optical fibre9, it was 
shown in 2012 that the geometric phase can also emerge 
for transverse elastic vibrations propagating along a 
spring10. Intuitively, any transverse wave with linear 
polarization can be viewed as the superposition of two 
circularly polarized waves with opposite polarization, 
and therefore the transverse wave carries a spin degree 
of freedom (circular polarization). The spin degree of 
freedom can be represented on the Poincaré sphere, and 
an adiabatic process along a closed loop on the Poincaré 

Weyl points
Point degeneracies on the 
band structure, with local 
properties describable by the 
Weyl Hamiltonian. They can be 
regarded mathematically as a 
magnetic monopole in 
momentum space.

Fermi arcs
In classical wave crystals,  
a type of isofrequency cut 
present as arcs in the 
momentum space. In 
condensed matter physics,  
the cut of eigen-spectra is  
at the Fermi energy.
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sphere defines the geometric phase. Surprisingly, such a 
spin-redirection geometric phase is also manifested in 
sound, a longitudinal scalar wave that lacks a spin degree 
of freedom. Yet, a similar geometric phase effect can be 
observed, thanks to the existence of intrinsic orbital angu-
lar momentum (OAM) in the form of a sound vortex11 
(Box 1). The sound vortex example shows that adiaba-
tic evolutions in real space can induce the geometric 
phase in reciprocal space, analogous to the spin- 
redirection phase observed in light propagating in a 
helical optical fibre.

Geometric phase in phononic crystals
A geometric phase can also emerge in the adiabatic 
evolution of a state in other types of parameter spaces, 
including in the reciprocal space of a periodic system. 
In such a system, the change in wavevector k drives  
the state along its band. For any path that remains on the 
same band and does not intersect with any other band, 
evolution along this path is adiabatic, and the geometric 
phase is well defined. Owing to the periodicity of  
the reciprocal space, the evolution is also cyclic when the 
wavevector traverses the entire Brillouin zone.

We start our discussion by considering the Su–
Schrieffer–Heeger (SSH) model12, which has been used 
to describe conductive and semiconductive polymers. 
The model consists of a 1D chain of atoms with period-
ically alternating hopping parameters, t and s, between 
nearest neighbours (FIg. 1a). The unit cell for the 1D 
chain is chosen so that s is the inter-cell hopping and 
the unit cell has inversion symmetry with respect to its 
centre. The Hamiltonian matrix can be written as

( )H ε
ε

= 0
0 (1)*

where ε t s= + e ik−  and k is the Bloch wavenumber. Tuning  
∕t s  can open or close the bandgap. For ∕t s ≠ 1, the  

system has a bandgap; for ∕t s = 1, the gap closes at  
the Brillouin zone edge (FIg. 1b).

The acoustic analogue of the SSH chain has been 
experimentally realized with a coupled resonator sys-
tem13 (FIg. 1c). Each atomic site is mimicked by an 
acoustic resonator, which carries resonant sound modes 
that are the counterparts of atomic orbitals. Hopping 
between acoustic resonators is realized by joining 
neighbouring resonators with small tubes. The hopping 
strength is tunable by adjusting the cross-sectional areas 
of the tubes.

The acoustic SSH system offers the convenience of 
in situ examination of wavefunctions, which is extremely 
difficult in electronic systems. Such examination reveals 
that at the Brillouin zone edge, if  ∕t s ≠ 1, the wave-
function of one band is symmetric with respect to the 
inversion centre of the unit cell, while the other is anti-
symmetric. In addition, these two bands are inverted 
upon crossing the gap-closing point  ∕t s = 1. The evolu-
tion of the bulk band symmetry can be characterized by 
the Zak phase ϑ, which is the geometric phase defined for 
isolated bulk bands for 1D periodic systems14. Thanks to 
the periodicity, each branch in the 1D band structure can 
be knitted together at the Brillouin zone edge to form a 
closed loop. In this case, the Zak phase is computed by 
integrating the Berry connection over the Brillouin zone. 
Owing to the inversion symmetry of the unit cell, the 
Zak phase has quantized values of 0 or π14, and it under-
goes a transition from 0 to π (or from π to 0) when the 
system is driven across the gap-closing point. The Bloch 
wavefunctions of an acoustic SSH chain are shown in 
FIg. 1d. When a band has πϑ = , the state switches sym-
metry when evolved from the lower to higher band edge 
(equivalent to evolving from k = 0 to k = π/a, where a is 
the lattice constant). When ϑ = 0, the symmetry of the 
state remains unchanged in the same process.

The geometric property of the bulk bands also 
manifests in properties at the surface, where localized 
modes can emerge. From the viewpoint of wave physics, 
surface impedance is a determining factor for the exist-
ence of modes localized at the edge of or the interface 
between phononic crystals or photonic crystals. A nat-
ural question arises of whether a link can be established 
between the surface impedance and the geometric phase 
of the bulk bands. Such a link has been established for 
an AB-layered photonic crystal15. This link is impor-
tant for several reasons. First, with the geometric phase 
of bulk bands determined, the surface impedance can 
be controlled16–18. Second, the bulk geometric phase 
involves all the eigenstates on a band and is hence diffi-
cult to measure. The link between the easily measured 
surface impedance and bulk geometric phase hence 
provides a feasible way to determine bulk properties 
through the surface impedance. Third, the topological 
notion of bulk–edge correspondence, which predicts 
the existence of boundary modes using bulk topolog-
ical characteristics, becomes more heuristically trans-
parent if the topological characteristics (Zak phase) can 
be directly associated with classical wave parameters 
(surface impedance).

The Zak phase in an acoustic system has been meas-
ured in a 1D phononic crystal that can be regarded as 
the continuous-wave extension of the SSH model. The 
phononic crystal is a cylindrical waveguide with peri-
odically alternating cross-sectional areas19. The mod-
ulation in cross-sectional area induces an impedance 
mismatch between adjacent sections, which gives rise 
to Bloch scattering. Band inversion can be realized by 
adjusting the length difference between cross sections 
with different areas while keeping the lattice constant 
unchanged. The band Zak phases were determined by 
direct measurement of the wavefunction symmetry 
at the Brillouin zone centre and edge. The Zak phase 

Key points

•	Acoustic	and	mechanical	systems	are	versatile	platforms	to	study	a	wide	range		
of	topological	phases	that	were	first	investigated	in	condensed	matter	physics.

•	Topological	phenomena	that	can	be	observed	include	Dirac	points	and	analogues		
of	the	quantum	Hall	effect,	quantum	spin	Hall	effect,	valley	Hall	effect,	Floquet	
topological	phases,	gapless	states	and	Weyl	systems.

•	Because	classical	acoustic	systems	are	different	from	condensed	matter	systems		
(for	example,	they	lack	Kramers	degeneracy),	new	approaches	are	needed	to	realize	
topological	phases.

•	Schemes	of	symmetry	breaking	in	phononic	crystals	play	a	key	role	in	the	realization	
of	these	topological	phases,	and	their	consequences	and	limitations	are	discussed.

Adiabatic cyclic evolution
A cyclic change in a parameter 
that is slow enough that the 
physical system remains in its 
instantaneous eigenstate, the 
eigenvalue of which is not 
degenerate with any other 
eigenvalue of the Hamiltonian.

Berry phase
A phase difference acquired 
over an adiabatic cyclic 
evolution, resulting solely from 
the geometric properties of the 
parameter space of the system 
Hamiltonian.

Poincaré sphere
A graphical representation of 
all the polarization states of a 
pure state of light on the 
surface of a 3D sphere.

Berry connection
The local gauge potential for 
Berry curvature 

∇A i u u= R R R ; uR  is the 
instantaneous eigenstate of  
the system with parameter R. 
Viewable as a momentum- 
space analogy to the vector 
potential for a magnetic field.

Surface impedance
The surface property of a 
truncated bulk for waves.  
For acoustic waves, surface 
impedance is defined as the 
ratio of the sound pressure 
variation to the local fluid 
velocity.
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of the second band was determined by comparing the 
phononic crystal's reflection phases η, which are related 
to the surface impedance Z through Z = icot(η/2). By 
contrast, the reflection wave at a sound-hard surface at 
the bandgap frequency has zero phase change. Interface 
states were observed inside the overlapping frequencies 
of the bandgaps of the phononic crystals, with different 
Zak phases that meet at the interface. The transition of 
the Zak phase has subsequently been observed in a vari-
ety of 1D systems, such as a granular chain of periodic 
quartz cylinders20, an elastic beam21 and a nanophon-
onic system22. The notion of a Zak phase in 1D systems 
can also be applied to 2D systems. For a 2D system, a 
Zak phase can be defined along a 1D band with a fixed 
wavevector component along a specific direction. The 
bulk–edge correspondence is valid when the direction 
is parallel to the boundary, in which case the wavevector 

parallel to the boundary is a good quantum number in a 
truncated system23–25.

Dirac points
Having illustrated the basic concepts with 1D examples, 
we now discuss topological phases in 2D systems. We 
start with the graphene lattice. Like the acoustic ana-
logue of the SSH model (FIg. 1c), an ‘acoustic graphene’ 
can be constructed using a lattice of coupled cylindrical 
acoustic resonators, in which sound propagates inside 
cavities (FIg. 2a). The cavity mode with a pressure pro-
file varying only along the cylinder axis can simulate 
the behaviour of the out-of-plane p orbital in graphene. 
The system simulates the behaviours of graphene at 
low-energy excitations. The band structure (FIg. 2b) 
exhibits linear dispersion along the KΓ and KM direc-
tions near K, with double degeneracy at the K point, and 

Box 1 | Geometric phase from adiabatic cyclic evolutions

We	introduce	the	concept	of	the	geometric	phase	through	the	example	of	a	Foucault	pendulum.	A	Foucault	pendulum,	
such	as	the	one	at	the	Panthéon,	Paris	(see	the	figure,	panel	a),	exhibits	precession.	The	swinging	plane	of	the	pendulum	is	
continuously	rotating,	and	a	full	precession	cycle	takes	approximately	32	hours.	This	is	a	consequence	of	the	geometric	
phase	ϕ	accumulated	by	the	pendulum	as	the	rotation	of	the	Earth	carries	it	in	an	adiabatic	cyclic	motion,	which,	for	the	
pendulum	in	Paris,	occurs	along	the	latitude	line	of	48°	52′	N.	The	geometric	phase	is	proportional	to	the	solid	angle	θ	
subtended	by	the	curve	A	(see	the	figure,	panel	b).
In	acoustics,	a	beam	of	sound	can	carry	an	intrinsic	orbital	angular	momentum	(OAM)	when	it	possesses	azimuthal	

wavevector	components,	because	angular	momentum	L =	r ×	p, where r is	the	spatial	coordinate	with r =	0	at	the	centre	
of the	beam	and	p is	the	momentum	related	to	the	azimuthal	wavevectors.	For	example,	for	a	sound	vortex	carrying	a	
topological	charge l	=	1	(see	the	figure,	panel	c),	its	cross-sectional	pressure	(P)	amplitude	profile	has	a	doughnut	shape,	and	
it	has	one	phase	dislocation	line	(the	dashed	line	on	the	phase	map).	Such	a	vortex	can	be	viewed	as	the	superposition	of	
two	mutually	perpendicular	dipolar	transverse	wave	modes	with	a	relative	phase	of	π/2.	When	the	vortex	propagates	along	
a	slowly	winding	helical	path,	its	propagation	k is	continuously	and	adiabatically	changing	direction	to	trace	the	helix.	
Consequently,	the	intrinsic	OAM	rotates	as	the	vortex	propagates.	This	rotation	in	real	space	induces	a	geometric	phase	
in reciprocal	space,	similar	to	the	spin-redirection	phase	of	light	propagating	in	a	chiral	optical	fibre.	This	geometric	phase	
manifests	as	the	rotation	in	the	orientation	of	the	vortex	by	an	angle φ.	By	contrast,	the	same	vortex	propagating	in	a	
straight	waveguide	with	the	same	length	accumulates	only	a	dynamical	phase	γ.	The	rotation	of	a	vortex	in	3D	(represented	
by	the	group	SO(3))	is	non-commutative;	therefore,	the	geometric	phase	is	related	to	both	the	sign	and	the	value	of	the	
topological	charge	l.	See	ReF.11	for	more	details	on	this	topic.
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similarly for K'. The band structure can be fitted with a 
simple tight-binding model with only nearest-neighbour 
hopping26 (FIg. 2b). Two fitting parameters are used: 
the on-site energy and the hopping strength. The full 
band structure calculated with the tight-binding model 

(FIg. 2c) reveals that there are two conical dispersions, 
called Dirac cones, around the K and K' points (FIg. 2d). 
To lowest order, the Hamiltonian around the Dirac point 
can be written as26

qH q σ τq σ( ) = + (2)x x y y

where σx and σy are the Pauli matrices and qx and qy 
are the wavevector components measured from the  
K (τ = 1) and K' (τ = −1) points, where τ represents  
the valley index.

The Dirac cone dispersion is a consequence of the 
lattice symmetry and is protected by the time-reversal 
symmetry and the inversion symmetry of the honey-
comb lattice. The Berry curvature is an even function of k 
if the system has space inversion symmetry and an odd 
function of k if it has time-reversal symmetry; hence, 
the Berry flux vanishes everywhere inside the Brillouin 
zone of a system with both time-reversal symmetry 
and inversion symmetry for nondegenerate points26. 
However, the Berry phase along any loop encircling the 
Dirac cone is π26, which can lead to anti-localization29, 
meaning that a small amount of disorder can increase 
transport rather than impede it. Because the Berry 
phases along any loops around the Dirac cone are the 
same, the Dirac point itself possesses a quantum π of 
Berry flux. Breaking either time-reversal symmetry or 
inversion symmetry lifts the degeneracy at the Dirac 
point (K or K') and opens a gap (FIg. 2d). However, the 
Berry flux is still localized around the K and K' points 
after the symmetry breaking.

The Dirac cone degeneracy can also be lifted without 
breaking inversion symmetry or time-reversal symmetry 
by annihilating two Dirac cones. By applying uniaxial 
tensile strain along the ΓM direction, the Dirac cone can 
be shifted along the KM direction28. When the strain is 
large enough, two Dirac cones annihilate each other at 
the M point, and a bandgap opens. The required strain is 
calculated to be extremely large for graphene28. However,  
such a topological transition can be observed in an ana-
logue of the graphene lattice in soft materials24. The topo-
logical transition can be characterized by the change in 
Zak phases and induces a surface state localized between 
two domains that lie in the parameter regions before and 
after the transition. It has also been shown that a spe-
cific strain field in a graphene lattice can be regarded 
as a gauge potential that leads to a pseudo-magnetic 
field29,30. Applying such a strain field in a graphene ana-
logue can lead to the realization of Landau quantization 
for classical waves31,32.

Other phenomena resulting from the dispersion 
of the Dirac cone are also observed in analogues of 
graphene33–42. The dispersion of Dirac cones has been 
measured in different systems35,36. In one experiment35, 
an acoustic wave propagates on the surface of a plastic 
slab containing a graphene lattice of cylindrical boreholes 
(FIg. 2e). The acoustic wave is excited by a loudspeaker, 
and the field distribution, including phase information, 
is measured by a microphone. The dispersion is then 
retrieved from the phase information. The transport of 
acoustic waves near the Dirac point can be well approxi-
mated by the Dirac equation. Owing to the conservation 
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Fig. 1 | Geometric phase in a 1D phononic crystal. a | Schematic of a dimerized 
molecule chain, a 1D periodic system with period a. Circles represent the molecules, and 
lines represent the coupling parameters t and s. b | The molecular chain can be described 
by the Su–Schrieffer–Heeger (SSH) model, which displays a gap when ∕ ≠t s 1. By tuning 
the coupling constants, the gap closes at the edge of the Brillouin zone at ∕ =t s 1. This is 
a topological transition point, characterized by a change in the Zak phase ϑ for both 
bands. The frequencies of the two relevant bands at the edge of the Brillouin zone 
depend on ∕t s  (as shown in the right-most panel). c | Realization of the SSH chain with 
acoustic cavities. Each cylinder represents an acoustic ‘molecule’, and cavities are 
coupled by connecting tubes, with coupling constants t and s. d | Simulated Bloch 
wavefunctions for the two bands shown in panel b at the lower and higher band edges, 
which correspond to the Brillouin zone centre (k = 0) and Brillouin zone edge (k = 1, in 
units of π/a). For ϑ =π, the wavefunction of a band switches symmetry type as the Bloch 
wavenumber k increases; for ϑ =0, the symmetry type remains unchanged across the 
band. a.u., arbitrary units.

Berry curvature
A local gauge field defined as 

∇Ω A= × , where A is the Berry 
connection.
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of flux, the transmission of a phononic crystal slab for 
k near the Dirac cone is inversely proportional to the 
thickness of the slab33. This anomalous transport behav-
iour was experimentally verified in acoustic graphene34. 
Dirac quasiparticle-like transport of surface elastic waves 
has been demonstrated on a substrate decorated with 
an artificial phononic graphene37 (FIg. 2f). Analogues of 
graphene in elastic waves have also been investigated in 
both linear40,41 and nonlinear42 systems.

Quantum Hall effect
In quantum mechanics, a 2D electron gas in an out-of-
plane uniform magnetic field has energy levels that 
are quantized into highly degenerate bands known  
as Landau levels. If the 2D electron gas has a finite 
size, the Landau levels bend up and become dispersive 
near the edges of the sample. At the edges where the 
Landau levels intersect with the Fermi level, the sys-
tem becomes a conductor with quantized conductivity 
(FIg. 3a). This is known as the integer quantum Hall effect. 
An intuitive way to understand this phenomenon is to 

consider the cyclotron motion of the electrons (FIg. 3a). 
Because the magnetic field breaks time-reversal sym-
metry in the system, the electrons can orbit in only one 
direction. When the system is finite, the cyclotron orbits 
must break at the system edge, and the electrons have 
no choice but to skip to the next orbit, thereby forming 
a one-way flow of current that is immune to backscat-
tering. Thouless and others showed that in a quantum 
Hall system with a periodic potential, each energy band 
can be labelled with an integer number that represents 
the topological invariant43. This number became known 
as the Thouless–Kohomoto–Nightingale–den Nijs 
(TKNN) number, and later as the band Chern number C.  
The quantum Hall effect was observed in graphene44,45 
soon after it was first synthesized, because graphene is 
an excellent host of a 2D electron gas. The theory of the 
quantum Hall effect was subsequently extended to pho-
tonic systems46. Like electronic systems, photonic sys-
tems require a static magnetic field to break time-reversal  
symmetry44,46–48. Breaking time-reversal symmetry in a 
hexagonal lattice induces a total Berry flux π localized 
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Fig. 2 | Dirac cone dispersion. a | A unit cell used in simulations of an acoustic analogue of graphene. The system consists 
of resonance cavities forming a hexagonal lattice. The cavities simulate the atoms, and the connection tubes between 
cavities simulate hopping among them. The cavities are made of sound-hard boundaries and are filled with air. b | Band 
structure of the acoustic graphene in panel a. The dots are data from full-wave simulations, and the curves come from a 
tight-binding model with on-site energy and nearest-neighbour hopping strength as the only fitting parameters. The inset 
of panel b shows the first Brillouin zone. c | 3D band structure from the tight-binding model showing conical dispersion at 
the K and K' points. d | Linear dispersion resulting in the formation of a Dirac cone; modified dispersion giving rise to the 
appearance of a gap when the degeneracy of the two linearly intersecting bands is lifted; a Dirac-like cone; and a double 
Dirac cone. e | Experimental realization of acoustic graphene, consisting of a plate with a lattice of cylindrical holes of 
radius R0 and depth L (inset). Waves are excited by a loudspeaker, and two microphones are used to measure the 
propagating waves. f | Experimental realization of phononic graphene, consisting of a hexagonal lattice of truncated 
cones defined by base radius rbottom, height h and angle ϑ (inset). Panel e is adapted with permission from ReF.35, APS.  
Panel f is adapted from ReF.37, Springer Nature Limited.
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around K and K'; hence, the total Berry flux through 
each band is 2π, and the Chern number is 1.

However, acoustic and elastic waves are magnetically 
inert. Achieving an analogue of the quantum Hall effect 
— which requires broken time-reversal symmetry — 
demands new approaches. In acoustics, one way to break 
time-reversal symmetry is to set the wave-sustaining 
medium in constant motion. It was shown that the vor-
ticity field around a vortex in an irrotational fluid can 
induce an effect similar to the Aharonov–Bohm effect, 
which causes a dislocation in the wavefront of a sound 
passing through it49. An alternative approach to break 
time-reversal symmetry is to use a resonator with air 
circulation to achieve non-reciprocity for the realization 
of an acoustic isolator50. The air flow is an external bias 
that breaks time-reversal symmetry for sound waves that 
propagate in the system.

The same strategy can be employed to break 
time-reversal symmetry in phononic crystals (FIg. 3b). 

Several theoretical studies have shown that in a 2D pho-
nonic crystal that possesses a Dirac cone, when the fluid 
within each unit cell is set in a unidirectional rotation, 
time-reversal symmetry is broken, lifting the degener-
acy at the Dirac point and opening a bandgap51–54. If 
the two bands above and below the gap are isolated, the 
Chern number of the band can be calculated by inte-
grating for each band the Berry curvature over the entire 
Brillouin zone. The non-zero Chern number reveals that 
the bands are topologically non-trivial. The number of 
interface states is determined by the sum of the Chern 
numbers for all bulk bands below the bandgap under 
consideration; this sum defines the gap Chern number. 
When the phononic crystal is truncated by a normal 
reflective surface such as a sound-hard boundary, which 
is topologically trivial and has a Chern number of zero, 
surface states emerge at the boundary, as required by the 
bulk–boundary correspondence55,56. This surface state 
can be found using a calculation on a strip of unit cells 
with a finite length, confined with a reflective surface 
along one direction and periodic along the other direc-
tion. Notably, in addition to acoustic graphene, break-
ing time-reversal symmetry can also induce an acoustic 
Chern insulator with a Dirac-like point57 (Box 2).

Breaking time-reversal symmetry using rotating 
media has the advantage that the underlying mecha-
nism is intuitively obvious, but the implementation 
in practice is often difficult. It has been shown that to 
achieve a sizeable non-trivial bandgap, a high rotational 
speed is required, which in turn causes undesirable or 
complicated effects such as nonlinearity and viscous 
effects. These issues can make experimental obser-
vation of a sizeable bandgap rather challenging. As a 
result, experimental attempts were non-existent until  
a recent report on acoustic honeycomb lattice consisting 
of cavities of a high quality factor, which substantially 
reduced the required rotational speed58. The so-called 
active liquids approach54, which relies on self-propelling 
particles in the fluid to generate a spontaneous flow, 
also represents an interesting possibility to overcome 
these issues.

However, rotating parts, such as gyroscopes or DC 
motors, are mechanical components that are readily 
available. Using rotation to break time-reversal sym-
metry can therefore be realized straightforwardly 
in mechanical lattices59. An example is a mechanical 
network that is a honeycomb lattice of spring-coupled 
mass blocks (FIg. 3c). The normal modes of the sys-
tem are separated into acoustic and optical branches, 
which are characterized by in-phase and anti-phase 
oscillations, respectively. The branches join at a Dirac 
point. For certain lattice configurations, when all 
mass blocks are replaced by DC motors that rotate in 
the same direction (see the inset, FIg. 3c), the global 
time-reversal symmetry is broken, and a region of 
low density of states emerges between the acoustic 
and optical branches. This region is populated only 
by modes that are localized to the edge of the system, 
which can be used for one-way propagation of vibra-
tion that is immune to defects60. In another approach, 
it was predicted that the centrifugal force on a rotating 
2D honeycomb network of spring-coupled masses can 
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Fig. 3 | Breaking time-reversal symmetry. a | The quantum Hall effect arises when, in an 
out-of-plane magnetic field B, the cyclotron orbits (shown in the left image) of a 2D 
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be treated as a uniform effective magnetic field, thereby 
giving rise to a topologically non-trivial state61.

Quantum spin Hall effects
Spin–orbit coupling in graphene can open a gap at 
the Dirac point, and the two bands are topologically 
non-trivial. The system can be regarded as two copies of 
a quantum Hall system in which spin-up and spin-down 
electrons feel opposite magnetic fields. Finite-size sys-
tems support two dispersive edge states with opposite 
propagation directions, each populated by electrons with 
opposite spin62. The propagation is robust and cannot be 
backscattered unless the spin is flipped, for example, by 

magnetic impurities. This phenomenon, the quantum 
spin Hall (QSH) effect, was observed in semiconductor 
heterostructures with strong spin–orbit coupling63,64. In 
a QSH system, time-reversal symmetry is intact. Thanks 
to the intrinsic spin-1/2 of electrons, time-reversal sym-
metry guarantees that electronic states are two-fold 
degenerate at the time-reversal-invariant points, with 
Kramers pairs comprising spin-up and spin-down 
states. Spin–orbit coupling splits the bulk degener-
acy away from these time-reversal-invariant points 
and introduces opposite gauge fields for spin-up and 
spin-down states. The degeneracies between edge states 
at time-reversal-invariant points are still preserved.

At first glance, it is surprising that the QSH effect 
can have a classical counterpart. The time-reversal oper-
ation for fermions satisfies T = −12 , with T  being the 
time-reversal operator. By contrast, neither photons nor 
phonons form Kramers pairs, because T = 12  for such 
systems. However, careful analysis shows that a crucial 
characteristic for the QSH effect is the two-fold degener-
acy of states, which is a result of time-reversal symmetry. 
Therefore, to realize the equivalent of the QSH effect 
in classical systems, the key step is to construct a pseu-
dospin system in which the two pseudospin states can 
emulate Kramers pairs, that is, be time-reversal counter-
parts of each other. Note that compared with the Dirac 
Hamiltonian, which can also be written in Pauli matri-
ces and can therefore also be named pseudospin-1/2, 
the requirement of time-reversal pairs is an important 
additional constraint.

To construct such states in a periodic system is no 
easy task. The first realization of the QSH effect in a 
mechanical system was made in an intricate lattice of 
pendulums65. The dynamics of such a system is governed 
by Newton’s equation (ω2 + D)x = 0 for a harmonic mode 
with angular frequency ω, displacement x and dynam-
ical matrix D. On the basis of the similarity with the 
Schrödinger equation (E–H) ψ = 0 for a quantum state ψ 
with energy E and Hamiltonian H, the goal was to design 
a system with D sharing the form of the Hamiltonian 
of a QSH system. The QSH Hamiltonian was obtained 
for a model consisting of two independent copies of a 
Hofstadter model66 on the square lattice with opposite flux 
per plaquette. Through a local basis rotation, this com-
plex QSH Hamiltonian can be made real and be imple-
mented using spring connections as coupling terms. To 
emulate the spin degree of freedom in a QSH system, 
each lattice site consists of two pendulums, which form 
a local Kramers pair.

For continuous systems, an analogue of the QSH 
effect for sound (FIg. 4) has been studied in 2D honey-
comb arrays of metallic rods in a background of air67. 
Double Dirac cones, which contain two dipole modes 
and two quadrupole modes, exist at the Brillouin zone 
centre thanks to accidental degeneracy. A gap can be 
opened from the double Dirac cones by tuning the ratio 
of rod radius r to lattice constant a (the filling ratio). The 
two double bands above and below the gap are either 
dipole or quadrupole bands (FIg. 4a). At the interface 
between two phononic crystals, one with a filling ratio 
above the value at the gap-closing point and the other 
below, these modes hybridize by the forming of a pair 

Kramers pairs
In time-reversal-symmetric 
systems with half-integer total 
spins, every energy eigenstate 
is at least two-fold degenerate. 
This degeneracy is protected 
by time-reversal symmetry, 
and the two eigenstates form  
a Kramers pair.

Box 2 | Dirac points and Dirac-like points

The	existence	of	a	Dirac	point	is	the	consequence	of	both	time-reversal	and	inversion	
symmetry	of	the	crystal	lattice.	However,	through	the	fine-tuning	of	microstructures,		
a	point	with	similar	linear	dispersions	and	degeneracy,	called	a	Dirac-like	point,	can		
also	occur	at	the	Γ	point	in	a	phononic	crystal	through	the	mechanism	of	accidental	
degeneracy	(note	that	the	existence	of	a	Dirac-like	point	still	requires	time-reversal	
symmetry	to	hold57).	This	can	be	seen	in	a	phononic	crystal	that	supports	both	Dirac	and	
Dirac-like	points	(see	the	figure	inset,	panel	a).	In	such	a	system,	the	Dirac	point	at	K	
survives	the	change	in	parameter	(radius	r	of	the	sound-hard	scatterer),	whereas	the	
Dirac-like	point	at	Γ	occurs	only	for	r/a	=	0.327,	where	a	is	the	lattice	constant	(see	the	
figure,	panels	a	and	b).	Compared	with	the	Dirac	point	at	K,	the	Dirac-like	point	is	a	
triply	degenerate	point	—	which	enables	its	use	as	a	pseudospin-1	system133	—	with		
a	flat	band	intersecting	the	conical	dispersion	at	Γ.	Their	eigenfields	are	shown	in	the	
figure,	panels	c	and	d.	The	Dirac-like	point	at	the	Γ	point	gives	rise	to	zero-index	
metamaterials,	in	which	the	effective	mass	density	or	the	effective	compressibility,	or	
both,	is	zero134–138.	A	Dirac-like	cone	can	be	used	as	a	pseudospin-1	system133,	thanks	to	
its	triple	degeneracy.	Another	important	point	is	that	the	Berry	phase	is	π	along	any	
path	that	encloses	a	Dirac	point.	By	contrast,	encircling	a	Dirac-like	point	yields	a	zero	
Berry	phase137.	Dirac-like	conical	dispersions	have	been	extensively	discussed	for	both	
acoustic	and	elastic	waves135,137,139–142.
In	addition	to	the	Dirac-like	cone	dispersion,	other	conical	dispersions	exist,	such	as	

the	semi-Dirac	cone143,	which	can	be	constructed	by	the	accidental	degeneracy	of	
eigenmodes	from	different	representations	of	the	symmetry	group	possessed	by	the	
system144.	Of	these,	the	double	Dirac	cones	(FIg. 2d)	draw	special	attention145,146	
because	lifting	the	four-fold	degeneracy	in	a	suitable	way	leads	to	the	analogue	of	
quantum	spin	Hall	systems	in	classical	scalar	wave	systems147.
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of acoustic vortices carrying opposite OAM (FIg. 4c). 
The vortices are the time-reversal counterparts of each 
other, thereby satisfying Kramers’ theorem, and are 
the pseudospins of the system. The two pseudospins 
are associated with net flows of acoustic flux along the 
interface with opposite group velocity, giving rise to two 
interface states (FIg. 4b). From the bulk–boundary cor-
respondence55,56, it is known that the system undergoes 
band inversion when the filling ratio is tuned. Indeed, 
the spin-Chern numbers of the bands are zero for small 
r/a and ±1 for large r/a. Note that because the pseudo-
spins are well defined only at the Brillouin zone centre, 
the spin-Chern numbers are calculated using an effective 
Hamiltonian instead of the pseudospin wavefunctions. 
In the experiment, the interface was excited by a source 
from one boundary of the phononic crystal to impose 
a predominant propagation direction. This guarantees 
that only one type of pseudospin is excited, because 
the pseudospins are locked to one of the two interface 

branches with opposite group velocities. In general, it 
is difficult to flip the charge of a vortex state in scatter-
ing events; therefore, the transport of a so-called chiral 
spin current of sound is immune to backscattering. Note 
here that the surface supports surface states propagating 
along both directions but with different pseudospins. If a 
sound source was located in the middle of the interface, 
it would be necessary for the source to selectively excite 
only one type of pseudospin to achieve one-way trans-
port along the interface. Otherwise, both pseudospins 
can be excited, and the sound can propagate along the 
interface in both directions.

A Brillouin-zone-folding scheme for photonic crys-
tals has been proposed in which a honeycomb lattice 
of rhombic primitive unit cells is treated as a trian-
gular lattice of hexagonal unit cells68. In doing so, the 
Dirac cones at the Brillouin zone corners K and K' fold 
back to the Brillouin zone centre Γ, forming a double 
Dirac cone with two dipole modes and two quadrupole 
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Fig. 4 | Acoustic and mechanical analogues of the quantum spin hall effect and valley hall effect. a | At a specific 
intermediate ratio of cylinder radius to lattice constant, a 2D honeycomb lattice of sound-hard cylindrical scatterers 
exhibits double Dirac cones (solid curves) owing to accidental degeneracy. If the ratio is decreased (as shown in the left 
image) or increased (as shown in the right image), a bandgap opens, sandwiched by two double bands that touch at Γ 
(black dots). The insets show the quadrupole and dipole modes. Band inversion occurs when the ratio of cylinder radius to 
lattice constant crosses the gap-closing point. b | At the interface of two different phononic crystals, each with a ratio of 
cylinder radius to lattice constant at one side of the gap-closing point, two states are localized (coloured dots), one with 
the pseudospin up and the other with the pseudospin down. Black dotted lines represent bulk energy bands. c | Away from 
k = 0, the wavefunctions of the interface states are counter-spinning vortices, owing to the hybridization of the dipole  
and the quadrupole modes. They constitute the pseudospins in this system. The interface is marked by the dashed line.  
d | In a patterned plate with holes (unit cell in inset), the symmetric (S)-modes and antisymmetric (A)-modes of Lamb waves 
(insets) can hybridize to form pseudospins. e | Rotation of the triangular scatterer in a triangular lattice by a small angle α 
(inset) breaks the C3v symmetry and opens a gap at K and K' (first Brillouin zone shown in inset), leading to two extrema 
known as valleys, indicated by the points K1 and K2. Black dots show the band structure at α = 0; orange dots show the 
band structure at finite α. f | Wavefunctions at the valleys of an array of rotated triangular scatterers (shown in panel e) 
consist of acoustic vortices, which play the role of valley pseudospins for the acoustic realization of valley Hall transport. 
White arrows indicate the sense of rotation of the vortices. The colour scheme for fields in panels a, c and d is indicated by 
the colour bar in panel c. In panels c and f, black arrows represent time-averaged acoustic Poynting vectors. a, lattice 
constant; a.u., arbitrary units; k, wavevector ; P, pressure. Panel d is adapted from ReF.78, CC-BY-4.0.

Hofstadter model
A mathematical model 
describing the behaviour of 
electrons in a magnetic field in 
a 2D lattice. The energy levels 
form a fractal set.
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modes. The hybridization of these modes gives rise to 
vortex states, which satisfy the requirement of Kramers 
degeneracy. The double Dirac cones are opened by a 
lattice deformation that breaks the primitive unit cell 
while maintaining the hexagonal unit cell and C6v lattice 
symmetry. Band inversion and a topological transition 
are induced by tuning the geometric parameter of the 
deformation. This idea was numerically confirmed for 
phononic crystals69. Prior to this zone-folding scheme, 
double Dirac cones at Brillouin zone corners mim-
icking Kramers pairs were typically produced using 
the so-called artificial duality symmetry, which is dif-
ficult to achieve in optical systems. The zone-folding 
scheme makes Kramers-like degeneracy feasible for 
all kinds of waves, including acoustic and mechanical 
waves. For example, the idea can be realized in sound 
at subwavelength scales using a metamaterial crystal 
consisting of a honeycomb lattice of soda cans, acting 
as subwavelength Helmholtz resonators for airborne 
sound70. Ring-shaped resonators can sustain degenerate 
eigenmodes that are essentially two waves propagating 
in opposite directions71,72. These two modes can also 
play the role of the pseudospins for acoustics73. These 
systems are also referred to as Floquet topological 
insulators in the literature, as discussed below.

As mentioned, achieving the analogue of the QSH 
effect in classical waves relies on engineering wavefunc-
tions to realize artificial Kramers pairs. These pseu-
dospins can mix with each other through scattering if  
the underlying symmetry that protects the pseudo-
spin is not preserved at the scattering site. Therefore, 
one-way transport not only relies on the successful 
excitation of these states — which can be difficult to 
achieve — but also is robust against only a certain class 
of symmetry-preserving scatterers. The same issue also 
exists for classical wave systems that give rise to the 
valley Hall effect, which is discussed below.

Similar ideas can be applied to elastic wave sys-
tems74–76. For example, the evolution of vortex pseudo-
spin states in the topological interface of two elastic wave 
phononic crystals has been demonstrated. However, 
elastic wave systems carry additional degrees of free-
dom, namely, polarizations, which can also be used to 
construct pseudospins through polarization hybrid-
ization. For example, it has been proposed to realize 
double Dirac cones in a thin plate this way77, using sub-
wavelength microstructures on a plate that also hosts a 
wavelength-scale triangular lattice. The triangular lattice 
naturally sustains Dirac cones. However, a thin plate can 
sustain Lamb modes with distinct vibration patterns that 
can be regarded as polarizations. Specifically, S-modes 
involve symmetric vibration about the central plane of 
the plate and are predominantly longitudinal vibrations; 
A-modes are antisymmetric bending vibrations of the 
plate (FIg. 4d, inset). Therefore, two separate sets of 
Dirac cones exist, each for one vibrational mode. The 
subwavelength microstructures tune the two Dirac cones 
to coincide in the formation of double Dirac cones. 
The hybridization of breathing and flexural vibration  
near the double Dirac point leads to elastic pseudo-
spins, which also take the form of two counter-rotating 
vortex-like states. This idea was subsequently realized78 

in an experiment that used a simplified design (FIg. 4d) in 
which holes in a plate were used to tune the Dirac points 
of two vibration modes. Another proposal has been 
made to realize double Dirac cones in granular graphene 
consisting of metal beads in contact with each other79, 
for which the on-site mode is the rotational vibration 
of the beads, and hopping is provided by the friction 
between contacting beads. The rotational vibrations of 
the beads are used as pseudospins.

Valley Hall effect
So far, we have considered the topology defined for an 
entire band. However, this is not a necessity. As dis-
cussed above, a geometric phase can be defined for 
any cyclic adiabatic evolution. Instead of following a 
Bloch state across the entire Brillouin zone, it is pos-
sible to follow its adiabatic evolution along any path 
on a band. This means that topological characteristics 
can also be locally defined. In this section, we consider 
the observable consequences of such local topological 
charges and how they differ from topology defined for 
the entire band.

A 2D phononic crystal has been built that is a trian-
gular lattice in which each unit cell has one equilateral 
triangular rod as a scatterer in a background of air80. 
The lattice and the orientation of the scatterers ensure 
three-fold rotational symmetry. When the scatterers 
are orientated such that the K and K' points possess C3v 
symmetry, Dirac cones are found at K and K' (FIg. 4e). 
However, the lack of inversion symmetry imposes that 
the wavefunction must be different at K and K'. By rotat-
ing the triangular rods by a small angle, C3v symmetry at 
K and K' is lifted, and gaps open from the Dirac points, 
such that two extrema appear at the corners of the 
Brillouin zone. These extrema are called valleys. By inte-
grating the Berry curvature over a small region that con-
tains only one valley extremum, a non-zero topological 
charge (π Berry flux), called the valley Chern number, 
is found localized to the valley. However, the band as a 
whole is topologically trivial because the valleys K and K' 
(for the same band) carry opposite topological charges, 
as inversion symmetry is broken and time-reversal sym-
metry is preserved. The acoustic Poynting vectors at the 
valley extrema (one for the higher band, the other for 
the lower band) exhibit acoustic vortices with opposite 
topological charges. Interestingly, these two vortex states 
are spatially separated in real space, and they are found 
at different corners of the Brillouin zone (FIg. 4f)80,81. The 
difference in chirality at K and K' can also be used for 
beam splitting82. In addition, owing to the characteristics 
of the wavefunction at K and K', reversing the rotation 
angle of the triangular rod (or flipping the entire pho-
nonic crystal upside-down) is equivalent to interchang-
ing the two vortices at K and K', thereby leading to the 
inversion of the valley states. As a result, topological 
transport phenomena, such as one-way interface modes, 
are observed in the interface system constructed by two 
phononic crystals with opposite rotational angles for the 
triangular rods81.

The flexibility afforded by phononic crystals ena-
bles the exploration of additional degrees of freedom 
that would be difficult to realize in electronic systems. 

Duality symmetry
Symmetry such that Maxwell 
equations of a source-free 
system are invariant under 
ε→μ, μ→ε, E→B and B→−E, 
where ε is the dielectric 
constant, μ is the permeability, 
E is the electric field and B is 
the magnetic field.

Lamb modes
Two types of mode of waves in 
a solid plate, one symmetric 
about the plate mid-plane 
(characterized by breathing 
vibrations) and one 
antisymmetric (characterized 
by bending vibrations).

Poynting vectors
Vector fields representing the 
direction and amplitude of 
local energy flow. In acoustics, 
the vector field is defined as 
S = Pv, where P is the pressure 
variation and v is the local  
fluid velocity.
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For example, stacking together two 2D phononic crys-
tal layers that are coupled in the out-of-plane direction 
effectively introduces an additional layer degree of free-
dom90. A rich topological phase diagram emerges simply 
by rotating the scatterers in each layer83, and a layer topo-
logical number can be defined to account for the topo-
logical phase diagram. It has also been shown that other 
types of point group symmetry, such as C4, can lead to 
valleys in reciprocal space away from high-symmetry 
points84. A similar interface state is used to engineer 
a delay line in a different phononic crystal interface 
system85. Other proposals include building a lattice of 
acoustic resonators with mismatching resonant frequen-
cies86. The valley Hall effect can also be realized in elastic 
wave systems87. The properties of elastic materials can 
be advantageous for additional tunability. For example, 
inducing a strain field in the elastic network deforms the 
lattice in ways that lower the lattice symmetry, thereby 
inducing the valley Hall effect88.

Floquet topological phase
Topological concepts can also be associated with 
the dynamic evolution of states in time. This can be 
seen in the Floquet system, which is a system with a 
time-dependent Hamiltonian periodically driven in time, 
that is, H(t + T) = H(t), where T is the driving period. The 
evolution of the system over one driving period can be 
described by the Floquet operator F T ′ ′t e( ) = ∫i H t t− ( )dt

0 , 
where T is the time-ordering operator. Applying F T( ) drives 
the system forward one driving cycle, returning it to the 
same set of eigenmodes89. The band structure of a peri-
odically driven system is fundamentally different to 
that of a static system. For a temporally driven, spatially 
periodic system, the Floquet eigenvalues, also known 
as quasi-energies, give rise to a band structure in which 
Floquet topological phases are observed.

A straightforward way to realize the Floquet topo-
logical phase is to rely on temporal modulation of the 
parameters of a system. For example, a graphene lattice 
has been proposed, for which each unit cell is a trimer 
of coupled acoustic resonators. The bulk modulus (or, 
alternatively, the volume) of the resonator trimer is 
sequentially modulated in a temporally periodic way. 
This is equivalent to modulating the on-site part of the 
static Hamiltonian. The temporal modulation leads to 
a direct analogue to the Floquet topological insulator 
and could lift the degeneracy of the static Dirac point, 
thereby leading to topologically non-trivial bands and 
edge states that are robust against both spatial disorder 
and phase disorder of the modulation90.

Temporal modulation is sometimes difficult to 
achieve in experiments. However, in some cases, tem-
poral evolution can be mapped into a higher spatial 
dimension. For example, for light propagating in a peri-
odic array of waveguides, the propagation direction of 
which is in the z direction, the continuous translational 
symmetry in z is broken when the waveguides are all 
bent into identical helices. Such extra periodicity asso-
ciated with the wavevector kz can be treated as an effec-
tive time modulation. Floquet topological phases and 
the kz-locked one-way edge state can then be observed 
in the band structure of quasi-energies91. A similar idea 

has been implemented to demonstrate topologically 
protected bound states in 1D periodically modulated 
acoustic waveguide systems92.

Interestingly, the Floquet effect also provides an 
alternate conceptual picture for the topological phase 
realized using phononic crystals constructed from 
ring-shaped resonators73,93. As mentioned above, the 
pseudospins in this case are waves propagating in oppo-
site directions, and the waves experience a phase delay 
as they go through each resonator. This phase delay can  
emulate periodic temporal evolution. Therefore, the 
system can be treated as an example of the Floquet 
topological phase.

3D gapless states and Weyl systems
Weyl points exhibit conical dispersions in a periodic 3D 
system. At first sight, they appear to be a simple extension 
of the 2D Dirac cone to 3D periodic lattices. However, 
there are important differences. The simplest form of 
Weyl point is described by the Weyl Hamiltonian94

qH q σ q σ q σ( ) = + + (3)x x y y z z

where the q and σ are the wavenumbers and Pauli 
matrices, respectively. The equifrequency surfaces 
form concentric spheres, and the radii of these spheres 
are proportional to the wavevector (FIg. 5a). Unlike the 
Dirac Hamiltonian in 2D shown in equation 2, the Weyl 
Hamiltonian contains all the Pauli matrices. As such, 3D 
Weyl points can survive any local perturbation, such as 
lattice deformation. By contrast, 2D Dirac points are 
easily gapped.

Integration of the Berry curvature on a surface 
enclosing a Weyl point shows that the Weyl point is a 
monopole for the Berry flux. Such a monopole can be 
characterized by a topological charge (Chern number). 
Depending on the sign of the charge, a Weyl point can 
be either a source or sink of Berry flux. Weyl points can 
be annihilated only by annihilating oppositely charged 
pairs. The associated topological charges explain the top-
ological robustness of the degeneracy at the Weyl points. 
Because Berry curvature is odd under time-reversal 
symmetry and even under inversion symmetry, it must 
vanish for a system with both time-reversal and inver-
sion symmetry. Because Weyl points are sources or sinks 
of Berry flux, the minimum requirement for a system 
to exhibit a Weyl point is to break either time-reversal 
or inversion symmetry. This situation is different 
from that of 2D Dirac points, because breaking either 
time-reversal or inversion symmetry lifts the degeneracy 
at the Dirac point. This subtle yet important difference 
between Dirac points in 2D and Weyl points in 3D also 
indicates that Weyl points are far more elusive than 2D 
Dirac points. 2D Dirac points are the consequence of 
lattice symmetry; therefore, they can emerge in any wave 
system, including electromagnetic and acoustic systems.

Given the similarity between the Hamiltonian of 
a Dirac point in 2D and a that of a Weyl point in 3D, 
a design strategy is to start with a 2D honeycomb lat-
tice, which guarantees the existence of Dirac points at 
the Brillouin zone corners (K and K'). A term σz, pro-
portional to qz, which lifts the degeneracy at the Dirac 

Time-ordering operator
A mathematical representation 
of a procedure that orders the 
product of a series of operators 
according to the time sequence 
of these operations.
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point95, is then added. Such an extension to 3D can be 
achieved by periodically stacking identical 2D honey-
comb lattices in the out-of-plane (z) direction. In a 
tight-binding model of one such realization (FIg. 5b), 
nearest-neighbour bonds couple the two sublattices, 
and next-nearest-neighbour coupling is proportional to 
kzσz for the Hamiltonian near the points K and K' and 
the points H and H'. Hence, this Hamiltonian exhibits 
Weyl points at these high-symmetry points (FIg. 5c). 
Because this tight-binding model preserves C6 symme-
try along the z direction and C6 preserves the sign of 
the topological charge, Weyl points on the same kz plane 
exhibit the same charge. Alternatively, the kzσz term can 
be introduced using screw symmetry, which can be read-
ily implemented with a three-layer woodpile structure, 
with each layer rotated by 120° with respect to the layer 
beneath96–98. These constructions are not the only ways 

of generating Weyl points, and in principle, Weyl points 
may exist in any system with either time-reversal or 
inversion symmetry, or both, being broken. However, 
these constructions provide methods to easily locate 
Weyl points in reciprocal space and hence to exploit the 
unique properties of a Weyl semimetal.

For a fixed-kz plane, the total Berry flux passing 
through it (which defines the Chern number of a 2D 
band with a fixed kz) is non-zero (FIg. 5d). The Chern 
number as a function of kz changes only at kz planes that 
have a net topological charge, because the topological 
charges of Weyl points play the roles of sinks or sources 
of Berry flux. The total magnitude of the charge of Weyl 
points on the kz = 0 and kz = ±π planes is 2; therefore, 
the Chern number changes by 2 across these kz planes. 
Meanwhile, the system still possesses time-reversal 
symmetry; therefore, C(−kz) = −C(kz). From these two 
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Fig. 5 | Acoustic Weyl semimetal. a | Equi-energy surfaces of an isotropic Weyl point. qx, qy and qz are the wavenumbers 
in the x, y and z directions, respectively. b | A tight-binding model based on the two sublattices shown in the schematic 
exhibits Weyl points in reciprocal space. Dark and light spheres denote the two sublattices of the honeycomb lattice,  
and dark bonds represent the nearest-neighbour coupling between sublattices. Light bonds represent a next-nearest- 
neighbour coupling, which is proportional to kzσz (kz is a wavevector, and σz is a Pauli matrix) for the Hamiltonian near the 
points K and K' and the points H and H'. c | Weyl point distribution in reciprocal space of the tight-binding model in panel b. 
Blue and red spheres represent Weyl points with topological charges +1 and –1, respectively. d | Chern number C for 2D 
bands with a fixed kz, for the Weyl point distribution in panel c. e,f | Surface waves of a chiral phononic crystal. Panel e 
shows the projected band structure at kz = 0.5π. Grey areas represent the projection of bulk bands, and dashed and solid 
white curves represent surface states localized on different surfaces. Panel f shows Fermi arcs in the surface Brillouin 
zone. Spheres represent the projection of Weyl points, solid and dashed lines represent surface arc states localized on 
different boundaries, and grey ellipses denote the boundary of bulk band projections at 15.4 kHz. g | Topological total 
refraction at an interface between surface arc states and normal surface states. Reflection is forbidden because the 
Fermi arcs (red open arcs in upper schematic) have no mode for the reflected waves, whereas the transmitted wave is  
in a trivial state (closed arc in the upper schematic). Solid and dashed curves in the upper schematic represent equal 
frequency cuts, with arrows pointing towards the higher-frequency direction. h | The idea shown in panel g can be 
further exploited to obtain topological negative refraction on the surface of a Weyl semimetal at the edge where two 
crystal surfaces join. Panels e and f are adapted from ReF.99, Springer Nature Limited. Panel g is adapted from ReF.97, 
Springer Nature Limited.

Screw symmetry
A combination of rotation 
about an axis and a translation 
parallel to that axis that leaves 
a crystal unchanged.
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factors, it follows that the Chern number is ±1, the sign 
being determined by the sign of kz (FIg. 5d). According to 
the bulk–surface correspondence55,56, a non-zero Chern 
number indicates the existence of a one-way edge state 
or states. In a typical band structure for a chiral pho-
nonic crystal projected along the kx direction with a 
finite kz (FIg. 5e), a bandgap with a non-zero gap Chern 
number opens, and one-way surface states emerge inside 
the bandgap99. Here, we consider a stripe of the periodic 
system, which is finite along the y direction and peri-
odic along the x and z directions (both kx and kz are good 
quantum numbers).

The eigenfrequencies of surface states at different kx 
and kz expand into a 2D surface, and the equifrequency 
cut of the surface gives a trajectory that is the analogue 
of a Fermi arc for acoustic waves (FIg. 5f). Acoustic arc 
surface states were experimentally demonstrated in 
phononic crystals that implement the tight-binding 
model shown in FIg. 5b (ReFS99,100). Unlike the bulk states 
or trivial surface states for which a fixed-frequency cut 
gives a closed contour, for these systems, the arc surface 
states are pinned to the Weyl points if the frequency is 
chosen to be the frequency of the Weyl point. Because 
the arc states are unclosed, it is feasible to design topo-
logically protected transport97 (FIg. 5g). A plane wave 
impinging on the surface can excite only a transmitted 
wave, because backward modes are absent. This topo-
logically protected transport is consistent with the 
one-way nature of the surface states at a fixed kz. To take 
the idea one step further, the equifrequency contours 
of the transmission can also be engineered using Fermi 
arcs, such that the transmitted wave can bend only to the 
same side of the normal, realizing a form of total nega-
tive refraction (FIg. 5h)97. An experimental demonstration 
of this interesting phenomenon has been performed by 
reflecting surface waves around a corner of Weyl phon-
onic crystals97. By carefully engineering the facet of the 
truncation, the transmitted surface wave can be made to 
exhibit either positive or negative refraction.

In fact, equation 2 represents only one type of Weyl 
point (named type I) at which the density of states 
vanishes. Because a Weyl point is topologically robust, 
tilting the 3D conical dispersion along an arbitrary 
direction does not change the topological charge. This 
tilting operation along, for example, the z direction 
can be obtained by adding a term μqzσ0 to equation 2,  
where σ0 is the 2 × 2 identity matrix, μ determines the 
tilting strength and only the first order of qz is included 
to keep the Weyl point at q = 0. When μ < 1, the 
iso-energy surface near the Weyl point is an ellipsoid; 
when  μ > 1, the iso-energy surface near the Weyl point 
becomes a hyperboloid, and the density of states diverges 
at the Weyl point as the surface area of the hyperboloid 
diverges. The density of states remains finite in a peri-
odic system owing to the periodicity of the Brillouin 
zone. A Weyl point with such a hyperboloid iso-energy 
surface is a type II Weyl point95,101,102. Type II Weyl points 
are also different from type 1 Weyl points in aspects such 
as their associated surface arc states and Landau levels101.

In addition to the proposed and realized airborne 
phononic crystal described above, Weyl physics has 
also been discussed in elastic waves103,104. As a band 

degeneracy with topological charge, Weyl points can also 
possess higher charges97,104–106 and include the degener-
acy among more than two bands107. In addition to Weyl 
points, it has been shown that a nodal surface can also 
carry non-zero topological charges108. The nodal surface 
in ReF.108 is protected by a compound symmetry operator 

T
∼G C=2 2, where T  is the time-reversal operator and ∼C2 

is the two-fold screw symmetry. Such a nodal surface 
protected by G2 can be either topologically charged or 
neutral and can switch between charged and neutral 
types by emitting or absorbing Weyl points. A charged 
nodal surface can be realized with an airborne phononic 
crystal108.

Like Weyl points, 3D Dirac points can exhibit iso-
tropic linear dispersion109. Unlike Weyl points, 3D 
Dirac points include four bands and can be regarded as 
a combination of two Weyl points with opposite charges. 
As such, 3D Dirac points are topologically trivial and 
need to be protected by additional lattice symmetry.

Conclusion and outlook
Topological acoustic and mechanical systems have the 
advantage of being simple to fabricate and measure. 
This is in contrast with electronic topological materials, 
which are limited by the availability of atoms with desir-
able properties and the need to consider constraints like 
chemical stability and complexities such as many-body 
effects. However, acoustic and mechanical systems lack 
an intrinsic spin degree of freedom and other proper-
ties such as Kramers degeneracy, bringing challenges 
for the realization of topological effects. In the past few 
years, many groups have overcome these challenges and 
are now exploring topological concepts to achieve new  
effects and technological applications. For example, topo-
logical interface states may be useful in applications  
such as sensors and ultrasonic imaging and therapy.  
The robustness of topological modes is desirable for 
wave transport applications and may find applications 
in surface acoustic wave devices.

Parallel to the development of topological waves, it 
was pointed out that a connection exists between the 
boundary modes in isostatic lattices (either floppy modes 
or the state of self-stress) and a winding number for the 
equilibrium matrix of the isostatic lattices110. For a 1D 
system of springs connecting a set of masses constrained 
to rotate at a fixed radius about fixed pivot points, this 
Hamiltonian is equivalent to that of the SSH model, 
and hence the winding number characterizing the band 
topology is equivalent to the quantized Zak phase. The 
Hamiltonian exhibits intrinsic particle–hole symmetry, 
which requires the positive and negative eigenvalues 
of ω to come in pairs. Consequently, the edge modes 
localized at the domain wall between two domains with 
different winding numbers must have zero energy. It is 
then shown that topological notions are useful in char-
acterizing self-stress111, buckling states112 and mechani-
cal stability113 in a myriad of static mechanical systems. 
More comprehensive accounts of these topics can be 
found elsewhere114,115.

Emerging ideas are rapidly being applied to classical 
systems. New concepts such as higher-order topologi-
cal insulators116–120 and topological phases in amorphous 

Nodal surface
Two or more states form a 
nodal surface when they are 
degenerate over a continuous 
range of momenta that form  
a surface in the momentum 
space.

Isostatic lattices
Lattices consisting of point 
masses connected by rigid 
bonds or central-force springs, 
in which the number of bonds 
equals the total number of 
degrees of freedom of the 
masses.
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systems121 are already realized in mechanical systems. 
The full potential of many concepts, such as 3D topo-
logical insulators122,123 and topological Anderson insu-
lators124,125, remains mostly unexplored in the context of 
classical waves. Even for 1D systems, in addition to the 
relatively well-known SSH model, models such as the 
Aubry–André–Harper model126,127 and Kitaev model128 
are drawing interest from wave physicists. The models’ 

counterparts in phononic systems are becoming impor-
tant platforms to realize topological effects. In the near 
future, we believe that the crossover with related research 
fields in wave physics, such as non-Hermitian wave sys-
tems129,130 and nonlinear systems131,132, will continue to 
fuel excitement in this area of research.
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